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Abstract 

Let iJ be a field of absolute Brauer dimension abrd(i5), and F/E a 
transcendental finitely-generated extension. This paper shows that the 
Brauer dimension Brd(r’) is infinite, if abrd(i5) = oo. When the abso¬ 
lute Brauer p-dimension abrdp(if) is infinite, for some prime number p, 
it proves that for each pair (n, m) of integers with n > m > 0, there is 
a central division T-algebra of Schur index p" and exponent p™. Lower 
bounds on the Brauer p-dimension Brdp(T’) are obtained in some impor¬ 
tant special cases where abrdp(i5) < oo. These results solve negatively a 
problem posed by Auel et al. (Transf. Groups 16 : 219-264, 2011). 
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1 Introduction 

Let i? be a field, s{E) the class of finite-dimensional associative central simple 
i?-algebras, d{E) the subclass of division algebras D G s{E), and for each 
A G s{E), let [A] be the equivalence class of A in the Brauer group Br(i?). 
It is known that Br(i?) is an abelian torsion group (cf. [33], Sect. 14.4), whence 
it decomposes into the direct sum of its p-components Br(i?)p, where p runs 
across the set P of prime numbers. By Wedderburn’s structure theorem (see, 
e.g., [33], Sect. 3.5), each A G s(E) is isomorphic to the full matrix ring MADa) 
of order n over some Da G d[E) that is uniquely determined by A, up-to an 
^-isomorphism. This implies the dimension [A\ E\ is a square of a positive 
integer deg(A), the degree of A. The main numerical invariants of A are deg(A), 
the Schur index ind(A) = deg(Zl^), and the exponent exp(A), i.e. the order 

*Throughout this paper, we write for brevity ”FG-extension(s)” instead of ’’finitely- 
generated [field] extension(s)”. 
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of [>1] in Br(i?). The following statements describe basic divisibility relations 
between ind(A) and exp(A), and give an idea of their behaviour under the scalar 
extension map Br(£’) —>■ Br(i?), in case R/E is a field extension of finite degree 
[i?: E] (see, e.g., [31], Sects. 13.4, 14.4 and 15.2, and 0, Lemma 3.5): 

(1.1) (a) (ind(A),exp(A)) is a Brauer pair, i.e. exp(A) divides ind(A) and is 
divisible by every p € P dividing ind(A). 

(b) ind(A(g)£;i?) is divisible by l.c.m.{ind(A), ind(i?)}/g.c.d.{ind(A), ind(i?)} 
and divides ind(A)ind(il), for each B G s{E); in particular, it A, B G d{E) and 
g.c.d.{ind(A),ind(i?)} = 1, then the tensor product A®e B lies in d{E). 

(c) ind(A), ind(A(g)£;i?), exp(A) and exp(A(g)£;i?) divide ind(A(g)£;i?)[i?: E], 
ind(A), exp(A(g)B R)[R: E] and exp(yl), respectively. 

Statements (1.1) (a), (b) imply Brauer’s Primary Tensor Product Decom¬ 
position Theorem, for any A G d{E) (cf. [34], Sect. 14.4), and (1.1) (a) fully 
describes general restrictions on index-exponent relations, in the following sense: 

(1.2) Given a Brauer pair (m', m) G there is a field F with (ind(Zl), exp(Il)) = 
(m',m), for some D G d{F) (Brauer, see [H], Sect. 19.6). One may take as F 
any rational (i.e. purely transcendental) extension in infinitely many variables 
over any fixed field Fq (see also Corollary 14.41 and Remark l4. 5 1) . 

As in [3], Sect. 4, we say that a field E is of finite Brauer p-dimension 
Brdp(A) = n, for a fixed p G P, if n is the least integer > 0, for which 
ind(Z?) < exp(Il)" whenever D G d{E) and [D] G Br(A)p. If no such n exists, we 
set Brdp(A) = oo. The absolute Brauer p-dimension of E is defined as the supre- 
mum abrdp(i?) = sup{Brdp(i?): R G Fe(£’)}, where Fe{E) is the set of finite 
extensions of if in a separable closure ifsep- Clearly, Brdp(if) < abrdp(if), p G P. 
We say that if is a virtually perfect field, if char(if) = 0 or char(if) = q > 0 
and if is a finite extension of its subfield if"? = {e'^: e G if}. 

It is known that Brdp(if) = abrdp(if) = 1, for all p G P, if if is a global 
or local field (cf. [35], (31.4) and (32.19)), or the function field of an algebraic 
surface defined over an algebraically closed field ifo [H], [33] (see also Remark 
15.81) . As shown in [37], abrdp(if) < p” p G P, provided that E is the function 
field of an n-dimensional algebraic variety defined over an algebraically closed 
field Eq. Similarly, abrdp(if) < p", p G P, if ifo is a finite field, the maximal 
unramified extension of a local field, or a perfect pseudo algebraically closed 
(PAC) field (for the Ci-type of Eq, used in [37] for proving these inequalities, 
see [3^ and HU, m. Theorem 21.3.6, respectively). The suprema Brd(if) = 
sup{Brdp(if): p G P} and abrd(if) = sup{Brd(ii): R G Fe(if)} are called a 
Brauer dimension and an absolute Brauer dimension of if, respectively. In view 
of (1.1), the definition of Brd(if) is the same as the one given in [3], Sect. 4. It 
has recently been proved [16], [33] (see also [8], Propositions 6.1 and 7.1), that 
abrd(iFm) < oo, provided m G N and {Km,Vm) is an m-dimensional local field, 
in the sense of m, with a finite m-th residue field Km- 

The present research is devoted to the study of index-exponent relations over 
transcendental FG-extensions F of a field E and their dependence on abrdp(F), 
p G P. It is motivated mainly by two questions concerning the dependence of 
Brd(F) upon Brd(F), stated as open problems in Sect. 4 of the survey [3]. 
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2 The main results 


While the study of index-exponent relations makes interest in its own right, it 
should be noted that fields E with abrdp(i?) < oo, for all p £ P, are singled out 
by Galois cohomology (see [ID] and |3D], as well as [57]) Sects. 5-8, and further 
references in [7], Remark 4.2). It is also worth mentioning the following fact 
about the almost perfect fields of this type (see 0, 0, and Lemma HU) : 

(2.1) Every locally finite dimensional associative central division E-algebra 
R possesses an E-subalgebra R with the following properties: 

(a) R decomposes into a tensor product where ® = ®Et Rp & d{E) 

and [Rp] £ Br(E)p, for each p £ P; 

(b) Finite-dimensional E-subalgebras of R are embeddable in R; 

(c) R is isomorphic to E, if the dimension [E: E] is countably infinite. 

It would be of definite interest to know whether function fields of algebraic 
varieties over a global, local or algebraically closed field are of finite absolute 
Brauer dimensions. This draws our attention to the following open question: 

(2.2) Is the class of fields E of finite absolute Brauer p-dimensions, for a fixed 
p £ P, p yf: char(E), closed under the formation of FG-extensions? 

The main result of this paper shows, for a transcendental FG-extension 
E/E, the strong influence of p-dimensions abrdp(E) on Brdp(E), and on index- 
exponent relations over E, as follows: 

Theorem 2.1. Let E be a field, p £ P and F/E an ¥G-extension of transcen¬ 
dency degree trd(E/E) = «:>!. Then: 

(a) Brdp(E) > abrdp(E) -|- k — 1, f/abrdp(E) < oo and F/E is rational; 

(b) //abrdp(E) = oo, then Brdp(E) = oo and for each n,m £ N with n > 
m > 0, there exists Dn,m G d{F) with ind(E„_m) = p" and exp(E„^m) = p"*; 

(c) Brdp{F) = oo, provided p = char(E) and [E: E^] = oo; j/char(E) = p 
and [E: E^] = p^ < oo, then At — 1 < Brdp(E) < abrdp(E) < v k. 

It is known (cf. [23], Ch. X) that each FG-extension E of a field E possesses 
a subfield Eq that is rational over E with trd(Eo/E) = trd(E/E). This ensures 
that [F: Eq] < oo, so (1.1) and Theorem 12. II imply the following: 

(2.3) If (2.2) has an affirmative answer, for some p £ P, p char(E), and 
each FG-extension E/E with trd(E/E) = At > 1, then there exists Ck{p) £ N, 
depending on E, such that Brdp(<i)) < Ck(p), for every FG-extension ^/E with 
trd($/E) < At. For example, this applies to Cfc(p) = Brdp(EK), where E^/E is 
a rational FG-extension with trd(EK/E) = At. 

The application of Theorem 12.11 is facilitated by the following result of |7| 
(see Example 16.21 below, for an alternative proof in characteristic zero): 

Proposition 2.2. For each q £ PU{0} and A: £ N, there exists a field Eq^k with 
char{Eq^k) = Q, Brd{Eq^k) = k and abrdp{Eq^k) = oo, for all p € F \ Pq, where 
Pq = {2} and Eg = {p £ P: p | q{q — 1)}, g £ P. Moreover, if q > 0, then Eq,k 
can be chosen so that [Eq^u ■ fc] = oo. 
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Theorem 12.11 Proposition [22] and statement (1.1) (b) imply the following: 

(2.4) There exist fields k G N, such that char(i?fc) = 2, Brd(i?fe) = k and 

all Brauer pairs G are index-exponent pairs over any transcendental 

FG-extension of Ek- 

It is not known whether (2.4) holds in any characteristic q 2. This is closely 
related to the following open problem: 

(2.5) Find whether there exists a field E containing a primitive p-th root of 
unity, for a given p G P, such that Brdp(Fl) < ahidp{E) = oo. 

Statement (1.1) (b), Theorem 12.11 and Proposition 12.21 imply the validity of 
(2.4) in zero characteristic, for Brauer pairs of odd positive integers. When 
q > 2, they show that if [Eg^k- k] — then Brauer pairs G 

relatively prime to q — 1 are index-exponent pairs over every transcendental 
FG-extension of Eg^k- This solves in the negative [2], Problem 4.4, proving 
(in the strongest presently known form) that the class of fields of finite Brauer 
dimensions is not closed under the formation of FG-extensions. 

Theorem l2.1l fal makes it easy to prove that the solution to [2], Problem 4.5, 
on the existence of a ’’good” definition of a dimension dim(iii) < oo, for some 
fields E, is negative whenever abrd(iil) = oo (see Gorollarv l5.4p . It implies that 
if Problem 4.5 of [2] is solved affirmatively, for all FG-extensions F/E, then 
each F satisfies the following stronger inequalities than those conjectured by 
(2.3) (see also Remark [531 and [2], Sect. 4): 

(2.6) Brd(F’) < dim(F), abrd(F) < dim(F’) and abrd(F) < Brd(iilt+i) < 
abrd(iil) + t + c{E), for some integer c{E) < dim(iii) — abrd(iil), where t = 
tTd{F/E), Et+i/E is a rational extension and iT:d{Et+i/E) = t+l. 

The proof of Theorem 12.11 is based on Merkur’ev’s theorem about central 
division algebras of prime exponent m, Sect. 4, Theorem 2, and on a charac¬ 
terization of fields of finite absolute Brauer p-dimensions generalizing Albert’s 
theorem [T], Ch. XI, Theorem 3. It strongly relies on results of valuation theory, 
like theorems of Grunwald-Basse-Wang type, Morandi’s theorem on tensor prod¬ 
ucts of valued division algebras m, Theorem I, lifting theorems over Henselian 
(valued) fields, and Ostrowski’s theorem. As shown in [7], Sect. 6, the flexibility 
of this approach enables one to obtain the following results: 

(2.7) (a) There exists a field Ei with abrd(i?i) = oo, abrdp(£'i) < oo, p G P, 
and Brd(Li) < oo, for every finite extension Li/Ei] 

(b) For any integer n > 2, there is a Galois extension Ln/En, such that 
[L„: En] = n, Brdp(L„) = oo, for all p G P, p = l(mod n), and Brd(M„) < oo, 
provided that is an extension of E in T„,sep not including L„. 

Our basic notation and terminology are standard. For any field K with a 
Krull valuation v, unless stated otherwise, we denote by Ov{K), K and v{K) 
the valuation ring, the residue field and the value group of {K,v), respectively; 
v{K) is supposed to be an additively written totally ordered abelian group. As 
usual, Z stands for the additive group of integers, Zp, p G P, are the additive 
groups of p-adic integers, and [r] is the integral part of any real number r > 0. 
We write /(A'/A) for the set of intermediate fields of a field extension A'/A, 
and Br(A'/A) for the relative Brauer group of A'/A. By a A-valuation of A', 
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we mean a Krull valuation v with v{X) = 0, for all A S A*. Given a field E 
and p G P, E{p) denotes the maximal p-extension of E in £^sep, and rp(E) the 
rank of the Galois group Q{E{p)/E) as a pro-p-group {rp{E) — 0, if E{p) = E). 
Brauer groups are considered to be additively written, Galois groups are viewed 
as profinite with respect to the Krull topology, and by a homomorphism of 
profinite groups, we mean a continuous one. We refer the reader to m, BH], 
[ 23 ] , [ 34 ] and [ 39 ] , for any missing definitions concerning valuation theory, field 
extensions, simple algebras, Brauer groups and Galois cohomology. 

The rest of the paper proceeds as follows: Sect. 3 includes preliminaries used 
in the sequel. Theorem 12.II is proved in Sects. 4 and 5. In Sect. 6 we show that 
the answer to (2.2) will be affirmative, if this is the case in zero characteristic. 
Lower bounds on Brdp(F) are also obtained in these sections, for FG-extensions 
F of some frequently used fields E with ahidp{E) < oo. 


3 Preliminaries on valuation theory 

The results of this section are known and will often be used without an explicit 
reference. We begin with a lemma essentially due to Saltman [36] . 

Lemma 3.1. Let {K,v) be a height 1 valued field, Ky a Henselization of K in 
Ksep relative to v, and Ay S d{Ky) an algebra of exponent p S P. Then there 
exists A G d{K) with exp(A) = p and [A 0/^ Ky] = [A^j. 


Proof. By [55], Sect. 4, Theorem 2, Ay is Brauer equivalent to a tensor product 
of degree p algebras from d{Ky), so one may consider only the case of deg(Ai,) = 
p. Then, by Saltman’s theorem (cf. [33]), there exists A G d{K), such that 
deg(A) = p and A^xEy is iF„-isomorphic to A^, which proves Lemma [3 t1 □ 

In what follows, we shall use the fact that the Henselization Ky of a field K 
with a valuation v of height 1 is separably closed in the completion of K relative 
to the topology induced by v (cf. [T3], Theorem 15.3.5 and Sect. 18.3). For 
example, our next lemma is a consequence of Galois theory, this fact and Lorenz- 
Roquette’s valuation-theoretic generalization of Grunwald-Wang’s theorem (cf. 
[53] . Gh. VIII, Theorem 4, and [53], page 176 and Theorems 1 and 2). 

Lemma 3.2. Let F be a field, S = {ui,..., Us} a finite set of non-equivalent 
height 1 valuations of F, and for each index j, let Fy. be a Henselization of 
K in Ksep relative to Vj, and Lj / Fy. a cyclic field extension of degree p^^, for 
some p G P and pj G N. Put p = max{p,i,..., ps], and in the case of p = 2 
and char(F) = 0, suppose that the extension F{5p)/F is cyclic, where Sp G Fsep 
is a primitive 2^-th root of unity. Then there is a cyclic field extension L/F 
of degree p^, whose Henselization Lyi, is Fy^-isomorphic to Lj, where v'j is a 
valuation of L extending Vj, for j = 1,... ,s. 

Assume that K = Ky, or equivalently, that {K,v) is a Henselian field, i.e. v 
is a Krull valuation on K, which extends uniquely, up-to an equivalence, to a 
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valuation vl on each algebraic extension LjK. Put v{L) = vl{L) and denote 
by L the residue field of {L,vl)- It is known that L/K is an algebraic extension 
and v{K) is a subgroup of v{L). When [L: K] is finite, Ostrowski’s theorem 
states the following (cf. [13], Theorem 17.2.1): 

(3.1) [L: K]e{L/K) divides [L: K] and [L: K][L: K]~^e{L/K)~^ is not divis¬ 
ible by any p G F different from char(it'), e{L/K) being the index of v{K) in 
v{L)-, in particular, if char(if) f [L: K], then [L: K] = [L: K]e{L/K). 

Statement (3.1) and the Henselity of v imply the following: 

(3.2) The quotient groups v{K)/pv{K) and v{L)/pv{L) are isomorphic, ifp G P 
and L/K is a finite extension. When char(i4r) ]\L-. K], the natural embedding 
of K into L induces canonically an isomorphism v{K)/pv{K) = v{L)/pv{L). 

A finite extension R/K is said to be defectless, if [i?: K] = [i?: K]e{R/K). 
It is called inertial, if [R: K] = [R: K] and R is separable over K. We say that 
R/K is totally ramified, if [i?: K] = e{R/K); R/K is called tamely ramified, if 
R/K is separable and char(Ar) f e(R/K). The Henselity of v ensures that the 
compositum ATur of inertial extensions of K in ATgep has the following properties: 

(3.3) (a) n(A'ur) = viK) and finite extensions of K in K^r are inertial; 

(b) ATur/AT is a Galois extension, K^r = A^sep over A, 0{Kur/K) = Q^, and 
the natural mapping of I{K^^/K) into /(Agep/A) is bijective. 

Recall that the compositum Atr of tamely ramified extensions of A in Agep is 
a Galois extension of A with v{Ktr) = pv{Ktr), for every p G F not equal to 
char(A). It is therefore clear from (3.1) that if Atr Agep, then char(A) = q 
0 and Oxtr is a pro-g-group. When this holds, it follows from (3.3) and Galois 
cohomology (cf. [33], Ch. II, 2.2) that cdg(t/(Atr/A)) < 1. Hence, by [33], Ch. 
I, Proposition 16, there is a closed subgroup A < Gk, such that = Gk, 

GKt^F\'H = {1} and A = Gi/Kt-c/K)- In view of Galois theory and the Mel’nikov- 
Tavgen’ theorem [3H|, these results imply in the case of char(A) = q > 0 the 
existence of a field A' G I{Ksep/K) satisfying the following conditions: 

(3.4) A' n Atr = A, A'Atr = K^ep and Agep ^ Atr Gk A' over A; the field A' 
is a perfect closure of A, finite extensions of A in A' are of g-primary degrees, 
Asep = A(,,, v{K') = qv{K'), and the natural embedding of A into A' induces 
isomorphisms v{K)/pv{K) = v{K')/pv{K'), p gF \ {g}. 

Assume as above that (A, v) is Henselian. Then each A G d{K) has a unique, 
up-to an equivalence, valuation ua extending v so that the value group n(A) of 
(A,r!A) is totally ordered and abelian (cf. [33], Gh. 2, Sect. 7). It is known 
that v{K) is a subgroup of 'c(A) of index e(A/A) < [A: A], and the residue 
division ring A of {A,va) is a A-algebra. Moreover, by the Ostrowski-Draxl 
theorem [TD], [A: A] is divisible by e(A/A)[A: A], and in case char(A)f [A: A], 
[A: A] = e(A/A)[A: A]. An algebra D G d{K) is called inertial, if [D: K] = 
[D: K] and D G d(K). Inertial A-algebras and algebras from d(K) are related 
as follows (see m. Theorem 2.8): 

(3.5) (a) Each D G d{K) has an inertial lift over A, i.e. D = D, for some D G 
d{K) inertial over A, that is uniquely determined by A, up-to a A-isomorphism. 
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(b) The set IBr(i4r) = {[/] € Bi{K): I € d{K) is inertial} is a subgroup of 
the canonical map IBr(i4r) —>■ Br(itr) is an index-preserving isomorphism. 


4 Proof of Theorem 12.11 (a) and (c) 

The role of Lemma o in the study of Brauer p-dimensions of FG-extensions 
of a field E is determined by the following result of [7] , which characterizes the 
condition abrdp(£’) < p, for a given p S N. When E is virtually perfect, this 
result is in fact equivalent to Lemma 1.1, and in case /i = 1, it restates 
Theorem 3 of [1], Ch. XL 

Lemma 4.1. Let E be a field, p G P and p G N. Then abrdp(iil) < ^ if and only 
if, for each E' G Fe(i?), ind(A) < p^ whenever A G d{E') and exp(A) = p. 
Moreover, if E is virtually perfect, then abrdp(i?) > Brdp(£''), for all finite 
extensions E'/E. 

Let now E/E be a transcendental FG-extension and Eq G I{F/E) a rational 
extension of E with trd(Fo/£’) = trd{E/E) = t. Clearly, an ordering on a fixed 
transcendency basis of Fq/E gives rise to a height t iS-valuation vq of Eq with 
vo{Fo) = and Eq = E. Considering any prolongation of vg on E, and taking 
into account that [F: Fq] < oo, one obtains the following: 

(4.1) F has an F-valuation v of height t, such that v{F) = Tf and F is a finite 
extension of F; in particular, v{F)/pv{F) is a group of order p‘, for every p G P. 

When char(F) = p, (4.1) implies [F: F^] = [F: EP] (cf. [23], Ch. Vll, Sect. 7), 
so the former assertion of Theorem l2.ll (c) follows from the next lemma. 

Lemma 4.2. Let {K,v) he a valued field with char(F) = q > 0 and v{K) ^ 
qv{K), and let T{q) be the dimension of v{K)/qv{K) as a vector space over the 
field Fg with q elements. Then: 

(a) For each tt G K* with v(7r) (/ qv{K), there are degree q extensions 
Lm of K in K[q), m G N, such that the compositum Mm — Li .. . Lm has 
a unique valuation Vm extending v, up-to an equivalence, {Mm,Vm)/{K,v) is 
totally ramified, [Mm'- K] = g"* and v{'k) G q^Vm[Mm), for each m; 

(b) Given an integer n > 2, there exists Tn G d{K) with exp(T„) = q and 
ind(F„) = 9 ”“^ except, possibly, if T{q) < 00 and [K: 


Proof. It suffices to consider the special case of v(7r) < 0. Fix a Henselization 
(Ky,v) of (E,v), put p{Ky) = {u'^ — u-. u G F„}, and for each to G N, denote by 
Lm the root field in K^ep over K of the polynomial fm{X) = X'^ — X — TTm, where 
Also, let F be the prime subfield of F, $ = F(7r), w the valuation 
of $ induced by v, and (<i)(^,w) a Henselization of ($,a;), such that C F„ 
and V extends w (the existence of (<i)(^,d)) follows from [T3j, Theorem 15.3.5). 
Identifying Ky with its F-isomorphic copy in Fgep, put L'm = LmKy and Mm = 
MmKy, for every index to. It is easily verified that p{Ky) is an F-subspace of F„ 
and v{u'^ — u) G qv{Ky), for every u G Ky with v{u) < 0. As v{Ky) = v{K), this 
observation and the choice of tt indicate that the cosets + p(F„), to G N, are 
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linearly independent over F. In view of the Artin-Schreier theorem and Galois 
theory (cf. [53], Ch. VIII, Sect. 6 ), this implies /m(A) is irreducible over Ky, 
L'^jKy and Am/AT are cyclic extensions of degree g, M'^jKy and Mm/K are 
abelian, and [M!^: Ky] = [Mm'- K] = g™, for each m S N. Moreover, our 
argument proves that degree g extensions of Ky in the compositum of the fields 
m G N, are cyclic and totally ramified over Ky. At the same time, it follows 
from the Henselity of v and the equality Ky = K that contains as a subfield 
an inertial lift over Ky of the separable closure of K in M'^. When v is discrete 
and K is perfect, the obtained results imply the assertions of Lemma [4.21 (a), 
since finite extensions of Ky in Ksep are defectless (relative to v, see [53], Ch. 
XII, Sect. 6 , Corollary 2). 

To prove Lemma 14.21 fal in general it remains to be seen that, for any fixed 
TO G N, Mm has a unique, up-to an equivalence, valuation Vm extending u, 
{Mm,Vm)/{K,v) is totally ramified and v{tt) G q'^v{Mm)- The extendability of 
u to a valuation Vm of Mm is well-known (cf. [53], Ch. XII, Sect. 4), so our 
assertions can be deduced from the concluding one, the equality [Mm '■ K] = 
[MmKy-. Ky] = g™ and statement (3.1). Our proof also relies on the fact that 
(<i),w) is a discrete valued field and $/F is a finite extension (see [3], Ch. II, 
Lemma 3.1, or m, Example 4.1.3); in particular, 4) is perfect. Let now '1'^ G 
I{Ksep/^) be the root field of fm{X) over $. Then Lm = 'i'mK, $] = g. 

Mm = QmK and [0^: $] = g™, where 0^ = ^'i • • ■ Therefore, 
is totally ramified relative to w. Equivalently, the integral closure of Oij(4)) 
in Qm contains a primitive element t'm of 0 m/‘f’, whose minimal polynomial 
9m{X) over Otj(<i)) is Eisensteinian (cf. [3], Ch. I, Theorem 6.1, and [53], Ch. 
XII, Sects. 2, 3 and 6 ). Hence, lo has a unique prolongation Wm on 0m, up-to an 
equivalence, uj{tm) 4- and q'^ujm{t'm) — <^(^m), where tm is the free term 

oiOm{X). As TT G 4), u( 7 r) ^ qv{K) and 0m is a Galois extension, this implies 
t'm is a primitive element of Mm/K and M^/Ky, q'^Vm{t'm) = 'v{tm) = w(tm) 
and v('k) G q'^VmiMm), which completes the proof of Lemma IT151 fab 

We prove Lemma 1^151 fbb Put tti = tt and suppose that there exist elements 
TTj G K*, j = 2,. ■ ■ ,n, and an integer ^jl <n, such that the cosets v{'Ki) + qv{K), 
i = 1 ,..., /X, are linearly independent over F^, and in case p, < n, u(7r„) = 0 and 
the residue classes 7r„, w = /x -|- 1 ,..., n, generate an extension of K'^ of degree 
g"-^. Fix a generator of Q{Lm/K), for each m G N, denote by r„ the K- 
algebra (g)"^ 2 (Aj-i/Ar, \j-i,Trj), where C = ^k, and put T)) = r„ Ky. We 
show that T„ G d{K) (whence exp(rji) = g and ind(Tji) = g"“^). Clearly, there 
is a iG„-isomorphism T/ = (g)JC 2 (L)_i/Ar„, A'_^, tTj), where 0 = 0xf„ and X'j_i 
is the unique iG„-automorphism of L'j-i extending Xj-i, for each j. Therefore, 
it suffices for the proof of Lemma [22] (b) to show that T/ G d{Ky). Since Ky 
and L'm, to G N, are related as K and Lm, to G N, this amounts to proving that 
Tn G d{K), for {K,v) Henselian. Suppose first that n = 2. As Li/K is totally 
ramified, it follows from the Henselity of v that v{l) G qv{Li), for every element 
I of the norm group N{Li/K). One also concludes that if I G N{Li/K) and 
vl{1) = 0, then I G These observations prove that n 2 ^ N{Li/K), so it 
follows from [33], Sect. 15.1, Proposition b, that T 2 G d{K). Henceforth, we 
assume that n > 3 and view all value groups considered in the rest of the proof 
as (ordered) subgroups of a fixed divisible hull of v{K). Note that the centralizer 
Cti of Lyi in Tyi is Lyj-isomoiphic to T^i—\ 0xc Ly and 0^—2 (Aj— 1 A^, Xj — i^n, ^j), 
where 0 = 0 l„ and Xj-i^n is the unique L„-automorphism of Lj_iL„ extending 


Aj_i, for each index j. Therefore, using (3.1) and Lemma fah one obtains 
inductively that it suffices to prove that Tn G d{K), provided Cn S d{Ln)- 

Denote by Wn the valuation of C„ extending and by C„ its residue 
division ring. It follows from the Ostrowski-Draxl theorem that w„(C'„) equals 
the sum of v{Mn) and the group generated by i' = 2, ...,n — 1. 

Similarly, it is proved that (7„ is a field and C K. One also sees that 
ih if and only if ^ < n — 1 , and in this case, [Cn - K] = and 

7 r„ S C^, u = /j, + 1,..., n — 1. These results show that u( 7 r„) ^ qWn{Cn), if 
fjL = n, and fcn ^ C® when < n. Let now A„ be the ih-automorphism of C„ 
extending both A„ and the identity of the natural iL-isomorphic copy of T„_i 
in Cn, and let t'n-UrJoKitn), for each tn € Cn- Then, by Skolem-Noether’s 
theorem (cf. [31], Sect. 12.6), A„ is induced by an inner ih-automorphism of T„. 
This implies w„(t„) = Wn(A„(f„)) and Wn{t'^) £ qWn{Cn), for all £ C„, and 
yields when Wn{tn) = 0. Therefore, 7 ^ 7 r„, £ C„, so it follows from 

[T], Ch. XI, Theorems 11 and 12, that Tn £ d{K). Lemmais proved. □ 

Proof of the latter assertion of Theorem \2.1\ (c). Assume that F/E is an 
FG-extension, such that char(ill) =p, [E: E'p] = p" < 00 and trd(F/A) = t > 1 . 
This implies [F: so it follows from Lemma [4.11 and jj, Ch. VII, 

Theorem 28, that Brdp(F) < abrdp(F) < v + t. At the same time, it is clear 
from (4.1) and Lemma [4.21 that there exists A £ d{F) with exp(A) = p and 
ind(A) = which yields Brdp(F) > v -\-t—l and so completes our proof. 

Our next lemma is implied by (3.5), Lemma 13.11 and the immediacy of 
Henselizations of valued fields (cf. [T3], Theorems 15.2.2 and 15.3.5). 

Lemma 4.3. Let E he a field, F = E(X) a rational extension of E with 
trd(F/F) = 1, f{X) £ E[X] an irreducible polynomial over E, M an extension 
of E generated by a root of f in Egep, v a discrete E-valuation of E with a uni¬ 
form element f, and {Ey,v) a Henselization of {F,v). Also, let D £ d{XI) be an 
algebra of exponent p £ P. Then M is E-isomorphic to the residue field of (F, v) 
and {Fy,v), and there exists D £ d{F) with exp(F) = p and [D '^p Fy] = [D'], 
where D' £ d{Fy) is an inertial lift of D over Fy. 

Proof of Theorem \2.1\ (a). Let abrdp(F) = A £ N and F = E{Xi ,..., A„). 
Then, by Lemma l4.ll there exists M £ Fe(F), such that d{M) contains an 
algebra A with exp(A) = p and ind(A) = p^. We show that there is A £ d{F) 
with exp(A) = p and ind(A) > Suppose first that k = 1, take a 

primitive element a of M/E, and denote by f{Xi) its minimal monic polynomial 
over F. Attach to / a discrete valuation u of F and hx (F„, v) as in Lemma IT731 
Then, by Lemma 13^ there is Ai £ d{E) with [Ai C^p Fy] = [A] and exp(Ai) = 
p, where A is an inertial lift of A over Fy. Since A £ d(F„) and ind(A) = p^, 
this indicates that p'*' | ind(Ai), which proves Theorem 12.11 (a) when k = 1. 
In addition. Lemma 13.21 implies that there exist infinitely many degree p cyclic 
extensions of F in Fy. Hence, Fy contains as a subheld a Galois extension of 
F with G{Rk/F) of order p'^“^ and period p. When ind(Ai) = p^, this makes it 
easy to deduce the existence of A, for an arbitrary k, from (4.1) (with a ground 
held E{Xi) instead of F) and [3J, Theorem 1, or else, by repeatedly using the 
Proposition in [33], Sect. 19.6. It remains to consider the case where k > 2 and 
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there exists Z?i S d{E{Xi)) with exp(£)i) = p and ind(Z3i) = p^' > p^. It is 
easily verified that Di E{Xi){{X 2 )) G d{E{Xi){{X 2 ))), and it follows 

from Lemma that there are infinitely many degree p cyclic extensions of 
E{Xi,X 2 ) in E{Xi){{X 2 )). As in the case of k = 1, this enables one to prove 
the existence of A' G d{E) with exp(A') = p and ind(A') = p^ +K .-2 > ^a+k-i^ 
Thus Theorem 12.11 (a) is proved. 

Corollary 4.4. Let E be a field and F/E a rational extension with tTd{F/E) 
= oo. Then Brdp(F) = oo, for every p G P. 


Proof. This follows from Theorem 12.11 (a) and the fact that, for any rational 
field extension F'/F with tTd{F'/F) = 2, there is an A-isomorphism F = F', 
whence Brdp(F) = Brdp(F'), for each p G P. □ 


Remark 4.5. Let E he a field with abrdp{E) = oo, p G P, and let F/E be 
a transcendental FG-extension. Then it follows from (1.1) (b), (c) and The- 
orem\K7\ (b) that Braver pairs {in,n) G are index-exponent pairs over F. 
Therefore, Corollary 14-41 with its proof implies the latter assertion of (1.2). 

Alternatively, it follows from Galois theory, Lem,m.as \S.2\.\f.t^ and basic theory 
of valuation prolongations that rp($) = c», p G P, for every transcendental FG- 
extension ^/E. Lienee, by Ulf and Witt’s lemma (cf. Sect. 15, Lemma 2), 
finite abelian groups are realizable as Galois groups over so both parts of (1.2) 
can be proved by the method used in Idff, Sect. 19.6. 


Proposition 4.6. Let F/E he an FG-extension with tTd{F/E) = t > 1 and 
abrdp(£’) < oo, p € P, for some subset P C P. Then P possesses a finite subset 
P{F/E), such that Brdp(P) > abrdp(P) + t— 1, pGP \ P{F/E). 

Proof. It follows from (1.1) (c) and Theorem 12.11 lal that one may take as 
PiF/E) the set of divisors of \F: Pnl lying in P, for some rational extension Pn 
of P in P with trd(Po/P) = t. 

Example 4.7. There exist field extensions F/E satisfying the conditions of 
Proposition \4.6[ for P — ¥, such that P{F/E) is nonempty. For instance, let E 
be a real closed field, $ the function field of the Brauer-Severi variety attached 
to the symbol E-algebra A = A_i(—1, —1;P), and P/$ a finite field extension 
with v/—1 ^ P. Then abrd{F) = 0 < abrd 2 (P) = 1 (see the example in m) and 
abrdp{E) = 0, p > 2, which implies P{F/E) = {2} and P = P. 


5 Proof of Theorem 12.11 (b) 

The former claim of Theorem 12.11 (b) is implied by the following lemma. 

Lemma 5.1. Let K be a field with abrdp(P) = oo, for some p G P, and let 
F/K be an FG-extension with trd(P/P) > 1. Then there exist Di, G d{F), 
1 / G N, such that exp(P,y) = p and ind(Pi,) > p’’. 
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Proof. Statement (1.1) (c) implies the class of fields $ with abrdp($) = oo is 
closed under the formation of finite extensions. Since K has a rational extension 
Fq in F with trd(Fo/iir) = tTd{F/K), whence [F: Fq] < oo, this shows that 
it is sufficient to prove Lemma 15.11 in the case of F = Fq. Note also that 
ind(Fo iS)K Fq) = ind(Fo) and exp(Fo 0/^ Fq) = exp(ro), for each Tq S d(K), 
so one may assume, for the proof, that F = Fq and trd(F/F) = 1. It follows 
from Lemma Q] and the equality abrdp(F) = oo that there are My G Fe(F) 
and Fy G d(My), G N, with exp(Fy) = p and ind(Fy) > p'', for each index v. 
Hence, by Lemmas 14.31 and IXTl there exist a discrete F-valuation Vi, of F, and 
an algebra Fy G d{F), such that the residue field of (F,Uy) is F-isomorphic to 
My, exp(Fy) = p, and [Fy 0^ F„^] = [F(,], where F(, is an inertial lift of Fy 
over Fy^. This implies ind(Fy) | ind(Fy), i/ gN, proving Lemma ISTTl □ 

To prove the latter part of Theorem 12.11 (b) we need the following lemma. 

Lemma 5.2. Let A, B and C he algebras over a field F, such that A,B,C G 
s{F), A = B C, exp(C') = p G P, and exp(F) = ind(F) = p"*, for some 

TO G N. Assume that ind(H) = p” > p™ and k is an integer with m < k < n. 
Then there exists Tk G s(F) with exp(Ffe) = p™ and ind(Ffe) = p^. 


Proof. When k = n, there is nothing to prove, so we assume that k < n. By 
m, Sect. 4, Theorem 2, [C] = [Ai 0 ^? • • • 0 ir Ay], where G N and for each 
index j, Aj G d{F) and ind(Aj) = p. Put Tj = B (Ai 0f • • • 0f Aj) and 
tj = deg{Tj)/md{Tj), j = 1,... ,v, and let S'(H) be the set of those j, for which 
ind(Fj) > p^. Clearly, S'(H) ^ (j> and the set S'o(^) = {i G S'(H): ti < tj,j G 
S'(H)} contains a minimal index 7 . The conditions of Lemma 15.21 ensure that 
exp(Fj) = p"*, so ind(Tj) = p™(l\ where m{j) G N, for each j G ^(H). We 
show that ind(T.y) = p^. If 7 = 1 , then ( 1 . 1 ) (c) and the inequality m < k imply 
A: = TO + 1 and ind(Fi) = p^, as claimed. Suppose now that 7 > 2. Then it 
follows from (1.1) (b) that ind(Fy) = ind(Fy_i).p'^, for some p G {—1, 0,1}. The 
possibility that p, 1 is ruled out, since it contradicts the fact that 7 G 5'o(A). 
This yields ind(T.y) = ind(Fy_i).p and tj = As 7 is minimal in S'o(A), it is 
now easy to see that ind(Fy_ii) = p^““, u = 0,1, which proves Lemma□ 

The conditions of Lemma l5.2l are fulfilled, for each to G N and infinitely many 
integers n > to, if char(F) = p, F is not virtually perfect and F/E satisfies the 
conditions of Theorem Since, by Witt’s lemma, cyclic p-extensions of F 
are realizable as intermediate fields of Zp-extensions of F, this can be obtained 
by applying (1.1) (b), (4.1) and Lemma [4.21 together with general properties 
of cyclic F-algebras, see [34], Sect. 15.1, Corollary b and Proposition b. Thus 
Theorem 12.11 is proved in the case of p = char(F). For the proof of the latter 
assertion of Theorem 12.II fbl. when p char(F), we need the following lemma. 

Lemma 5.3. Let K he a field and F/K an FG-extension with trd(F/F) = 1. 
Then, for each p G P different from char{K), there exist non-equivalent discrete 
K-valuations Vm of F, to G N, satisfying the following: 

(a) For any to G N, {F,Vm) possesses a totally ramified extension {Fm,Wm), 
such that Fm G /(Fgep/F), F^/F is cyclic and [F^: F] =p"^; 

(b) The valued fields (Fm,Wm) can be chosen so that Fm'GFfn = F, m' fh. 
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Proof. Let X G F he a transcendental element over K. Then F/K{X)\sa finite 
extension, and the separable closure of K{X) in F is unramified relative to every 
discrete iL-valuation of K(X), with at most finitely many exceptions (up-to an 
equivalence, see [3], Ch. I, Sect. 5). This reduces the proof of Lemma l5.dl to the 
special case oi F = K{X). For each m S N, let G Fgep be a primitive p'^-th 
root of unity, = K{6m), fm{X) G the minimal polynomial of 5m over 

K, and pm a discrete iL-valuation of F with a uniform element fm- Clearly, 
the valuations pm, m G N, are pairwise non-equivalent. Also, it is well-known 
(see [13], Ch. V, Theorem 6 ; Ch. VIII, Sect. 3, and [T7], Ch. 4, Sect. 1) 
that if m',TO G N, then the extension Km'(5m)/Km' are cyclic except, possibly, 
in the case where m' = 1, m > 2, p = 2, char(Ar) = 0 and 52 4- Denote 
by Vm the valuation pm+i, for each m, if p = 2, char(Ar) = 0 and 52 ^ K, 
and put Vm = Pm, m S N, otherwise. Since p ^ char(Ar), and by Lemma 
4.5, Km is iL-isomorphic to the residue field of (F,pm), we have 5m G 
where F^^ is a Henselization of F in Agep relative to Vm- This enables one 
to deduce from Kummer theory that Fy^ possesses a totally ramified cyclic 
extension Ly^ of degree p"*. Furthermore, it follows from the choice of Vm 
and the observation on the extensions Km'(5m)/Km' that Fy^,(5m)!Fy^, are 
cyclic, for all pairs m',fh G N. Hence, by the generalized Grunwald-Wang 
theorem (cf. [13], Theorems 1 (ii) and 2) and the note preceding the statement 
of Lemma [321 there exist totally ramified extensions (Fm,Wm)/iF,Vm), m gN, 
such that Fm G I{Fsep/F), Fm/F is cyclic with [Fm ■ F] = p"*, for each m, and 
in case m > 2, Fm/F is unramified relative to ui,..., Vm-i- This ensures that 
Fm' n Fm = F, m' fh, and so completes the proof of Lemma [231 CH 

Proof of the latter statement of Theorem \2.1\ (b). Let abrdp(£’) = oo, for 
some p S P. In view of (I.l) (b). Lemmas 13.1115.11 and 15.21 it is sufficient to 
show that there exists Am G d{F) with exp(Am) = ind(Am) = p™, for any 
fixed m G N. As in the proof of Lemma 15.11 our considerations reduce to the 
special case of trd{F/K) = 1. Analyzing this proof, one obtains that there is 
M € ¥e(E), such that d(M) contains a cyclic M-algebra Ai of degree p, and 
when p ^ char(A), M contains a primitive p'^-th root of unity 5m ■ Note further 
that M can be chosen so as to be A-isomorphic to the residue field F oi F 
relative to some discrete A-valuation v. In view of Kummer theory (see m, 
Ch. VIII, Sect. 6) and Witt’s lemma, the assumptions on M ensure that each 
degree p cyclic extension Yi of M lies in I{Ym/M), for some degree p™ cyclic 
extension Ym/M. Suppose now that Yi embeds in Ai as an Af-subalgebra, fix 
a generator ri of Q{Y\jM) and an automorphism Tm of Ym extending ti. Then 
A\ is isomorphic to the cyclic M-algebra (Vi/M,ri,,0), for some ^ G M*, Tm 
generates QiYm/M), the M-algebra Am = {Ym/M,Tm, P) lies in s(M), and we 
havep’”“^[Am] = [Ai] (cf. [33], Sect. 15.1, Corollary b). Therefore, Am G d{M) 
and ind(Am) = exp(Am) = p™. Assume now that (F, v) has a valued extension 
{L,vl), such that L/F is cyclic, [L: F] = p™ and the residue field of {L,vl) 
is A-isomorphic to Ym- Then Q(L/F) = Q{Ym/M), and for each generator a 
of Q(L/F) and pre-image fi oi fi in Oy{F), the algebra Am = (L/F,a,(i) lies 
in d(F) (see [33], Sect. 15.1, Proposition b, and [18], Theorem 5.6). Note also 
that ind(Am) = exp(Am) = p"* and cr can be chosen so that Am ®f Fy be an 
inertial lift of Am over Fy. When p > 2, this completes the proof of Theorem l2.ll 
(b), since Lemma 13.21 guarantees in this case the existence of a valued extension 
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{L,vl) of {F,v) with the above-noted properties. 

Similarly, one concludes that if p = 2, then it suffices to prove Theorem 12.II 
(b), provided char(if) = 0 and Q(E[5m)/E) is noncyclic, where 5m is a primitive 
2™-th root of unity in ifgep- This implies the group E\IE^'' has period 2^, for 
each V G N, El G Fe{E) (cf. [23], Ch. VIII, Sects. 3 and 9). Take a valued 
extension (Em, Wm)/(F, Vm) as required by Lemma [5.31 and denote by Fm the 
residue field of {F,Vm)- Fix a generator '0^ of G{Fm/F) and an element f3m G 
F^ so that ^ ^ and put Am = {Fm/F^ipm, Pm), for some pre-image 

Pm of Pm in Oy^{F). As {Fm,Wm)/{F,Vm) is totally ramified, Wm is uniquely 
determined by Vm, up-to an equivalence. Therefore, Wmi/^m) = WmiP’mi^m)), 
for all Am G Fm, and when Wm{^m) = 0, F^"' contains the residue class of 
the norm Np”'{Xm)- Now it follows from [33], Sect. 15.1, Proposition b, that 
Am G d{F) and ind(Am) = exp(Am) = 2™, so Theorem 12.II is proved. 

Corollary 5.4. Let E be a field with abrd(if) = oo. Then Brd(F) = oo, for 
every transcendental FG-extension F/E. 


Proof. The equality abrd(if) = oo means that either abrdp'(if) = oo, for some 
p' G P, or abrdp(if), p G P, is an unbounded number sequence. In view of 
Theorem 12.11 (b) and Proposition 14.61 this proves our assertion. □ 

Corollarv l5.4l shows that a field E satisfies abrd(if) < oo, if its FG-extensions 
are of finite dimensions, in the sense of [2], Sect. 4. In view of (2.7) (a), this 
proves that Problem 4.4 of |5] is solved, generally, in the negative, even when 
all finite extensions of E have finite Brauer dimensions. Statements (2.7) also 
imply that both cases pointed out in the proof of Corollary 15.41 can be realized. 

Remark 5.5. Statement (2.6) indicates that if Problem 4.5, is solved af¬ 
firmatively in the class A of virtually perfect fields E with abrd{E) < oo, then 
abrd{E) < dim(£’). We show that such a solvability would imply the numbers 
c{E), in (2.6), depend on the choice of E and may be arbitrarily large. Let C 
be an algebraically closed field, v a positive integer and C^, = C{{Xi))... ((V,,)) 
the iterated formal Laurent formal power series field in v variables over C. We 
prove that c{Ci,) > [v/^] — 1. Note first that each FG-extension F/Cy with 
trd{F/Ci,) = 1 has a C-valuation f^,, such that trd{F/C) = 1 and fv{F) = IF. 
Indeed, if T G F is a transcendental element over C,,, Fq = C,y{T), and /o is 
the restricted Gauss valuation of Fq extending the natural TA-valued C-valuation 
of Cl, (see \ldf . Example 4-3.2), then one may take as fn any prolongation of 
fo on F. The equality trd{F/C) = 1 ensures that rp{F) = oo, for all p S P, 
which enables one to deduce from m, Theorem 1, and \25^ . Gorollary l.f, that 
Brdp{F) = abrdp(T) = ^, p G P and p char(C) (see f^ . page 37, for more 
details in case F/Cy is rational). At the same time, it follows from Propo¬ 
sition 7.1, that if char{C) = 0, then Brd{Cy) = d.hrA{Cy) = [v/l]; hence, by 
(2.6), c{Cy) > abrd(F) — abrd(C,,) — 1 = v — [v/2] — 1 > [v/2] — \, as claimed. 


Corollary 5.6. Let F be a rational extension of an algebraically closed field Fq. 
Then trd(T/Fo) = oo if and only if each Brauer pair {m,n) G is realizable 
as an index-exponent pair over F. 
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Proof. If trd(i^/^o) = n < oo, then finite extensions of F are C„-fields, by 
Lang-Tsen’s theorem [^, so Lemma HTT] and [57] imply Brdp(F) < p^~^, p gF 
(see 130], (16.10), for case p = 2). In view of (1.2), this completes our proof. □ 

Theorem 12.11 and Example 14.71 lead naturally to the question of whether 
Brdp(F) > k+tTd{F/E), provided that F/E is an FG-extension and Brdp(if') = 
k < 00 , if' G Fe(E), for a given p G P. Our next result gives an affirmative 
answer to this question in several frequently used special cases: 

Proposition 5.7. Let E be afield and F an FG-extension of E with trd{E / E) = 
n > 0. Suppose that there exists M G Fe(E) satisfying the following condition, 
for some p G P and k G N; 

(c) For each M' G Fe{M), there are D' G d{M') and L' G I{M'{p)/M'), 
such that exp(Il') = [L': M'] = p, ind(il') = and D' Gm' L' G d{L'). 

Then there exist D G d{F), such that exp(il) = p and ind(ii) > p^+"; in 
particular, Brdp(E) > k n. 

Proposition 15.71 is proved along the lines drawn in the proofs of Theorem 
12.11 (a) and (b), so we omit the details. Note only that if n > 2 or A: = 1, 
then D can be chosen so that D Gf Fy G d{Fy), [D Gf Fy] G Bi^Fy^yn/Fy) and 
p”“^ I e{D®FFy/Fy) I p", for some if-valuation u of F with < v{F) < IP. 

Remark 5.8. Condition (c) of Proposition [7?7| is fulfilled, for k = 1 = abrd(F) 
and any p G F, if E is a global field or an FG-extension of an algebraically 
closed field Eq with trd{E / Eq) = 2. It also holds when k = 1, p gF and E is an 
FG-extension of a perfect PAC-field Eq with trd{E/Eo) = 1 = cdp(Fo) (see 
Sect. 3, and Sect. 19.3). In these cases, it can be deduced from (3.1) and 
Theorem 1, that the poruer series fields Eyy — if((5f2 _))... ((51"^,.^)), m G 
satisfy (c), for k = 1 -\- m = abrdp(Fm) (cf. f25f . Appendix A, or (5.2) and 
Proposition 5.1). In addition, the conclusion of Proposition [5?7| is valid, if E 
is a local field, k = 1 and p gF, although (c) is then violated, for every p (see 
Provosition 1 6. 3\ with its proof, and appendices to 137^ and Ch. VI, Sect. 1). 

For a proof of the concluding result of this section, we refer the reader to 
[Bj. When F/E is a rational extension and rp{E) > trd{F/E), this result is 
contained in [32] . Combined with Lemma l3.21 it implies Nakayama’s inequalities 
Brdp'(F') > trd(F'/F') — 1, p' £ P, for any FG-extension E'/E'. 

Proposition 5.9. Let F/E be an FG-extension with trd(F/F) = n > 1 and 
cdp(l/£;) ^ 0, for some p gF. Then Brdp(F) > n except, possibly, if p = 2, the 
Sylow pro-2-subgroups of Of are of order 2, and E is a nonreal field. 

It is not known whether an FG-extension E/E with trd(F/F) = n > 3 
satisfies abrdp(F) = Brdp(F) = n — 1, provided that p £ P, cdp{GE) = 0, 
and E is perfect in the case where p = char(F). It follows from (1.1) (c) 
that this question is equivalent to the Standard Conjecture on F/E (stated 
by Colliot-Thelene, see [25] and [SJ, Sect. 1) when E is algebraically closed. 
The question is also open in the case excluded by Proposition 15.91 Results 
like [57], Theorem 6.3 and Corollary 7.3, as well as statements (2.1) and (2.3) 
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attract interest in the problem of finding exact upper bounds on abrdp(F), 
p S P. Specifically, it is worth noting that if E is algebraically closed and 
Brdp(F) > for infinitely many p S P, then this would solve negatively [5], 
Problem 4.5, by showing that Brd(P") = oo whenever n > 3. 


6 Reduction of (2.2) to the case of char(£') = 0 


In this section we show that if C is a class of profinite groups and n is a positive 
integer, then the answer to (2.2) would be affirmative, for FG-extensions F/E 
with Qe & C and trd{F/E) < n, if this holds when char(ill) = 0. This result can 
be viewed as a refinement of m, Corollary 22.2.3, in the spirit of [23], 4.1.2. 

Proposition 6.1. Let E be a field of characteristic q > 0 and F/E an FG- 
extension. Then there exists an YG-extension L/E' satisfying the following: 

(a) char(i?') = 0, Qe' — Ge and trd(L/i?') = tid{F/E); 

(b) Brdp(L) > Brdp(F"), abrdp(L) > abrdp(F), Brdp(i?') = Brdp(i?) and 
abrdp(iil') = abrdp(i?), for each p £ P different from q. 


Proof. Fix an algebraic closure F of F and denote by E-ms the perfect closure 
of E in F. The extension E-ms/E is purely inseparable, so it follows from the 
Albert-Hochschild theorem (cf. [2H]> Ch. II, 2.2) that the scalar extension map 
of Br(i<l) into Br(£'ins) is surjective. Since finite extensions of E in Ains are of 
g-primary degrees, one obtains from (1.1) (c) that ind(il ®e Eins) = ind(il) 
and exp(Zl 0e Eins) = exp{D), provided D £ d{E) and q f ind(il). Therefore, 
Brdp(i?) = Brdp(i?ins) and abrdp(Fl) = abrdp(iilins), for each p £ P, p ^ q. 
As GEins — Ge (see [^, Ch. VII, Proposition 12) and FEiris/Eins is an FG- 
extension, this reduces the proof of Proposition 16.11 to the case where E is 
perfect. It is known (cf. [13], Theorems 12.4.1 and 12.4.2) that then there 
exists a Henselian field {K,v) with char(Ar) = 0 and K = E, which can be 
chosen so that v{K) = Z and v{q) = 1. Moreover, it follows from (3.4), [28] 
and Galois theory (see also the proof of [TB], Corollary 22.2.3) that there is 
E' £ I{Kse-p/K), such that A'fl ATur = K and E'E^i = Kgep. This ensures that 
v{E') = Q, E' = K = E and E'^^ = = ATsep- Hence, by (3.3) and (3.5), 

Ge' = Ge, Brdp(A') = Brdp(i?) and abrdp(A') = abrdp(i?), p £ P\{( 7 }. Observe 
that, since E is perfect, F/E is separably generated, i.e. there is Fq £ I{F/E), 
such that Fq/E is rational and F £ Fe(Fb) (cf. [23], Ch. X). Note further that 
each rational extension Lq of E' with trd(Lo/^'0 = trd(Fo/A) has a restricted 
Gauss valuation ojq extending ve' with Lq = Fq (cf. [13], Example 4.3.2). Fixing 
(Lq, Wo), one can take its valued extension (T, w) so that = L Glq Lo,uio is 
an inertial lift of F over To.wo- This yields w(L) = wo(Fo) = Q, L = F over 
Fo, [L: Lq] = [F : Fq] and trd(F/F) = trd(F/F). It also becomes clear that, 
for each F' £ Fe(F), there exists a valued extension (F',w') of (F,w) with 
[L ': L] = [F ': F] and L' F'. Observing now that F'/F', F' £ Fe(F), are FG- 
extensions, applying (3.3) and (3.5) to a Henselization L'^,, for any admissible 
F', and using Lemmas 13.11 and l4.ll one concludes that Brdp(F') > Brdp(F') 
and abrdp(F) > abrdp(F), for all p £ P \ {g}. Proposition [30] is proved. □ 
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We show that in zero characteristic Proposition 12.21 can be deduced from 
Proposition 16. II 

Example 6.2. Let Kg be a field with 2 elements, Kn = Kq{{Xi)) ... ((X„)), 
n G N, a sequence of iterated formal power series fields in n variables over Kq, 
inductively defined by the rule Kn = Kn-i{{Xn)), for each n G N, and let 0 
be a perfect closure of the union K^o = It is known that the natural 

-valued valuations, say Vn, of the fields Kn, n € N, extend uniquely to a 
Henselian K^-valuation v of Koo with Kao = Kq and v{Koo) = yjffLiVn{Kn)- 
Since Vp^Kfi) = 1, p G P, and finite extensions of Kao in 0 are totally ramified 
and of 2-primary degrees over Kao, one deduces from Lemma 4-4, that 
Brdp{Koo) = Brdp( 0 ) = 1 and abrdp{Kao) = abrdp( 0 ) = oo, for every p > 2. 
At the same time, it follows from Lemma 14 that r 2 ( 0 ) = oo. Hence, by 
Provosition \6. 1[ there is afield 0' with char{Q) = 0, abrd 2 {Q') = 0, r 2 ( 0 ') = oo, 
and Brdp{Q') = 1, abrdp{Q') = oo, p > 2. Moreover, by the proof of Proposition 
\6.1\. 0' can he chosen so that its roots of unity form a multiplicative 2-group. 
Put 00 = 0^ 0fe = 0fc_i((Tfc)), /c G N, and let 0k be the natural (Henselian) 
lA-valued Qo-valuation of Qk, for each index k. Fix a maximal extension Ek 
of Qk in Qk.sep with respect to the property that finite extensions of Qk in Ek 
have odd degrees and are totally ramified over Qk relative to Ok- This ensures 
that Ek = 00 : Ek does not contain a primitive fi-th root of unity, for any odd 
p. > 1, the group 0k{Ek)/20k{Ek) has order 2^, and 9k{Ek) = p9k{Ek), for every 
p > 2. Therefore, by Lemma 4-4, Brd 2 {Ek) = abrd 2 (iti) = k, and by (3.5), 
Brdp{Ek) = 1 and abrdp{Ek) = oo, p > 2, whence Brd{Ek) = k. 

Similarly to Remark 1 5. 51 the proofs of Proposition l6.1l and our concluding re¬ 
sult demonstrate the applicability of restricted Gauss valuations in finding lower 
bounds on Brdp(F), for FG-extensions E of valued fields E with abrdp(E) < oo: 

Proposition 6.3. Let E be a local field and F/E an FG-extension. Then 
Brdp(F) >1-1- trd(F/E), for every p G P. 


Proof. As Brdp(F) = 1 when trd(E/E) = 0, we assume that trd(E/i?) = n > 1. 
We show that, for each p G P, there exists Dp G d{F), such that exp (Up) = p, 
ind(Zlp) = and Dp decomposes into a tensor product of cyclic division E- 
algebras of degree p. Let uj be the standard discrete valuation of E, E its residue 
field, and Fq a rational extension of E in F with trd(Fo/A) = n. Considering a 
discrete restricted Gauss valuation of Fq extending w, and its prolongations on 
F, one obtains that F has a discrete valuation v extending w, such that F is an 
FG-extension of E with trd(F /E) = n. Hence, by the proof of Proposition l5.91 
given in [5], there exist A), G d{F) and a degree p cyclic extension L'p/F, such 
that Ap L'p G d{Lp), exp(Ap) = p, ind(Ap) = p" and Ap is a tensor product 
of cyclic division F-algebras of degree p. Given a Henselization {Ey,v) of {F, v), 
Lemma [XT] implies the existence of Ap G d{F), such that Ap 0 ^ Fy G d{Fy ) is 
an inertial lift of Ap over Fy. Also, by Lemma [3.21 there is a degree p cyclic 
extension Lp/F with Lp®pFy an inertial lift of L'p over Fy. Fix a generator a of 
0{Lp/F), take a uniform element /3 of (F, v), and put Dp = Ap®F {Lp/F, a, fi). 
Then it follows from (3.1) and [3T], Theorem 1, that Dp G d{F), exp(Fp) = p, 
ind(Fp) = p"+^ and Dp®F Fy G d{Fy), so Proposition 16.31 is proved. □ 
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Note finally that if i? is a local field, F/E isan FG-extension and trd(F/£l) = 
1, then Brdp(F) = 2, for every p S P. When p = char(i?), this is implied by 
ProDOsition Id. Bl and Theorem l2.ll ('cl. and for a proof in the case oip ^ char(£l), 
we refer the reader to [33]) Theorems 1 and 3, m and ESI, Corollary 1.4. 
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